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Abstract. We study fillings of contact structures supported by planar open books by an- 
alyzing positive factorizations of their monodromy. Our method is based on Wendl's theo- 
rem on symplectic fillings of planar open books. We prove that every virtually overtwisted 
contact structure on L(p, 1) has a unique filling, and describe fillable and non-fillable tight 
contact structures on certain Seifert fibered spaces. 



1. Introduction 

By Giroux's theorem [Gij . a contact 3-manifold (Y, £) is Stein fillable if and only if 
it is compatible with an open book (S, 4>) whose monodromy 4> can be represented as a 
product of positive Dehn twists. Given a factorization of the monodromy into a product 
<j) = D ai . . . D ak of positive Dehn twists around homologically non-trivial curves ai, . . . ,otk, 
we can construct a Stein filling as an allowable Lefschetz fibration over D 2 with fiber S, with 
vanishing cycles corresponding to or, . . . , a^. (We say that a Lefschetz fibration is allowable 
if all vanishing cycles are homologically non-trivial in their fibers.) Conversely, if A" is a 
Stein manifold whose boundary is (Y, £), then X has a structure of an allowable Lefschetz 
fibration [AOj. The boundary dX = Y has an open book decomposition whose monodromy 
is a product of positive Dehn twists around curves corresponding to the vanishing cycles; 
this open book is compatible with the contact structure £ [PI]. Thus, Stein fillings of (Y, £) 
correspond to positive factorizations of monodromies of compatible open books. However, 
to detect non-fillability or to classify all Stein fillings, one would have to consider all possible 
open books compatible with £. 

The situation is much simpler for contact structures compatible with planar open books, 
thanks to the following recent result of Chris Wendl. 

Theorem 1.1 (Wendl |Welj ). Suppose that (Y, £) admits a planar open book decomposition. 
Then every strong symplectic filling (X,u>) of (Y, £) is symplectic deformation equivalent to 
a blow-up of an allowable Lefschetz fibration compatible with the given open book for (Y, £). 

In particular, Wendl's theorem implies that every Stein filling of (Y, £) is diffeomorphic 
(and even symplectic deformation equivalent) to an allowable Lefschetz fibration compati- 
ble with the given planar open book; to classify fillings or to prove non-fillability, it suffices 
to study positive factorizations of the given monodromy. Even so, enumerating positive 
factorizations for a given element of the mapping class is in general a very hard question. 
However, we are able to analyze certain simple monodromies by means of elementary calcu- 
lations in the abelianization of the mapping class group of the planar surface. In this paper, 
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we give two applications: first, we complete the classification of fillings for tight lens spaces 
L(p, 1), second, we study the fillability question for certain tight Seifert fibered spaces. 

Theorem 1.2. Every virtually overtwisted contact structure on L(p, 1) has a unique Stein 
filling (up to symplectic deformation), which is also its unique weak symplectic filling (up 
to symplectic deformation and blow-up). 

Corollary 1.3. For p / 4, every tight contact structure on L(p, 1) has a unique Stein 
filling (up to symplectic deformation), which is also its unique weak symplectic filling (up 
to symplectic deformation and blow-up). 

The above corollary combines Theorem ll.2l together with earlier results, giving a complete 
description of fillings for tight L(p, 1). (Note that fillings for L(4, 1) are also understood due 
to |McD] and our theorem.) Recall that Eliashberg established uniqueness of a symplec- 
tic filling (up to deformation and blow-up) for the standard contact structure on S 3 [El] . 
McDuff proved that standard contact structures on L(p, 1) all have unique filling except 
for L(4, 1), which has two fillings, up to blow-up and diffeomorphism [McD] . Hind showed 
that in McDuff's theorem, the Stein filling of (L(p, 1), £ s4t j) is in fact unique up to Stein 
homotopy [Hi]. Lisca extended these results to obtain a classification (again up to blow-up 
and diffeomorphism) of symplectic fillings for arbitrary lens spaces L(p,q) equipped with 
standard contact structures [Li2]. (By the standard contact structure on a lens space we 
mean the quotient of (S 3 ,£ s td) by the action of the cyclic group. All of the above results 
for the standard contact structure obviously extend to its conjugate, thus covering the two 
universally tight contact structures on L(p,q).) Theorem 11.21 extends classification of fill- 
ings in another direction, by a different technique. Our technique also allows to reprove 
uniqueness of symplectic fillings of (L(p, l),£ s td) fo r P 4. 



Our second application concerns fillability of contact structures on Seifert fibered spaces 
M(— 1; rj., r2, r^). (We use this notation for the space given by the surgery diagram of 
Figured] here and throughout the paper, ri,r%, T3 are rational numbers between and 1.) 
Tight contact structures on such manifolds were studied by Ghiggini-Lisca-Stipsicz [GLSlJ 
and Lisca-Stipsicz [LSH ILS2] ; when r% , r% > \ , a complete classification of tight contact 
structures on M{— 1; n, r2, r^) was obtained in [GLS1| (in particular, each of these spaces 
is known to carry a tight contact structure). Tightness of some of these contact structures 
was established by means of the Heegaard Floer theory; it was shown in [GLS1] that one 
of the tight structures on M{— 1; |, |, |) is non-fillable. (Recall that, in contrast, all tight 
contact structures on M(0; r\, r 2 , r 3 ) are tillable, see [GLS2| . cf | Wu| ) . 




Figure 1. Seifert fibered space M(— 1; n, r2, 7*3). 
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It is interesting to determine which of the manifolds M(— l;?"!.,^,^) carry tight, non- 
fillable contact structures. Wendl's theorem provides a good tool for this investigation, 
because all tight contact structures on M(— 1; r%, r 2 , ^3) admit planar open books, at least 
in the case r\,r 2 > h- It turns out that fillability depends, in a rather subtle way, on the 
arithmetics of the continued fraction expansions of r\,r 2 ,r^. Let 

111 

= [ai,a 2 , . . . ,a ni ], = 61, b 2 , ■ ■ ■ , b n2 ], = [ci, c 2 , . . . , c n3 ], 

n r 2 " r 3 

where we adopt the notation 

[xi,x 2 , . . . ,x n ] = -xi - — ; , Xi £ Z, Xi > 2. 



Theorem 1.4. Suppose that r\,r 2 > |. Let k\, k 2 be such that a\ = a 2 = • • • = a&j = 2, 

b\ = b 2 = ■ ■ ■ = bk 2 = 2, and a^+i > 3, 6fc 2 +i > 3 (if ki < nx, resp. k 2 < n 2 ). 
Then the space M(—l;ri,r 2 ,r^) carries tight, symplectically non-fillable contact structures 
if c\ — 1 > max(fci, k 2 ); otherwise all tight structures on M(—l;ri,r 2 ,r^) are Stein fillable. 

It is instructive to compare our method to other proofs of non-fillability. Previous tech- 
niques (see e.g. [Lilt IGLSlj ) are all based on some version of gauge theory and the Don- 
aldson thorem, as follows. First one shows, using Seiberg-Witten or Heegaard Floer theory, 
that all symplectic fillings of a given contact structure must be negative-definite; then the 
filling is completed to a closed negative-definite 4-manifold, so that by the Donaldson theo- 
rem the intersection form of the filling embeds into a standard diagonalizable form over the 
integers. Finally, existence of such an embedding must be ruled out; often, this is possible 
because the first Chern class of a Stein filling can be understood in terms of the contact 
structure. We note that this method is in principle applicable to planar open books, because 
by [Et2|. IOSS] every symplectic filling of a contact structure £ supported by a planar open 
book must be negative-definite, and have the intersection form that embeds into a standard 
diagonalizable form over the integers; moreover, if ci(£) = 0, then c\ of every Stein filling 
of £ must be 0. However, the analysis of possible embeddings of the intersection form can 
typically be done only in a very limited number of cases. Our analysis of the monodromy 
factorizations, at least on the level of the abelianization, appears be a lot easier to do, and 
works in many situations. 

Acknowledgements. We are grateful to John Etnyre for some helpful conversations, to 
Dan Margalit and Chris Wendl for helpful correspondence, and to Paolo Lisca and Andras 
Stipsicz for their comments on a preliminary version of this paper. 

2. Lens spaces L(p, 1) and their fillings 

By Honda's classification of tight contact structures on lens spaces [Ho] , all tight contact 
structures on L(p, 1) arise as surgeries on Legendrian unknot with tb = —p + 1, i.e. the 
standard Legendrian unknot stabilized p — 2 times. More precisely, there are p — 2 tight 
contact structures £i> • • • £, p - 2 on L(p, 1), distinct up to isotopy; the contact structure 
is the result of Legendrian surgery on the stabilized unknot with k cusps on the left and p — k 
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cusps on the right. Legendrian surgery yields a Stein filling for which is diffeomorphic 
to the union of D 4 and the 2-handle corresponding to the surgery. 

Our job is to prove that every Stein filling for a virtually overtwisted contact structure 
on (L(p, 1),£) is diffeomorphic to the one described above, and that the Stein structure is 
unique, at least up to symplectic deformation. In our notation, the virtually overtwisted 
contact structures are £2, • • • , £p-3! indeed, by |Golj . the two universally tight contact struc- 
tures are given by surgeries on the unknot that has all of the stabilizations on the right or on 
the left, and the virtually overtwisted contact structures correspond to unknots stabilized 
on both sides. 

We construct planar open books for (L(p, as follows. The standard Legendrian 

unknot with tb = — 1 can be represented as the core circle of a page of the open book 
decomposition of (S 3 ,£ s td) with annular pages; to place the stabilized unknot on a page of 
an open book for (S 3 , £ s td), we stabilize the open book and modify the knot as described in 
[EtT] . see Figure El 




Figure 2. Placing a stabilized knot on a page of an open book. 

In this setup, the page framing matches the Thurston-Bennequin framing of the Legen- 
drian unknot; performing a positive Dehn twist on the curve representing the unknot, we 
obtain an open book decomposition corresponding to the result of Legendrian surgery. The 
resulting open book for (L(p, l),£fc) is shown on Figure [3) the page of the open book is a 
disk with n = p — 1 holes, and the monodromy 

Z = D a D Sl ...Ds k _ 1 D Sk+1 D Sn Dp 

is the product of positive Dehn twists Dg. around each of the holes except the k-th, and 
the positive Dehn twists around the curves a and (3. Here the order of Dehn twists is 
unimportant, because for a general open book it only matters up to cyclic permutation, and 
here the boundary twists commute with all other Dehn twists. However, it is convenient to 
fix notation now: 

Convention 2.1. Throughout the paper, we adhere to braid notation for products of Dehn 
twists: in the expression D a Dp, D a is performed first. 

We first show that any positive factorization of consists of Dehn twists enclosing the 
same holes. (In a disk with holes, every simple closed curve separates, and we say that a 
collection of holes is enclosed by a curve if the holes lie in the component not containing the 
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outer boundary of the disk. Abusing the language, we will often talk about holes enclosed 
by Dehn twists.) 



k cusps 




Figure 3. An open book decomposition for the contact structure on 
L(p, 1) compatible with the surgery diagram on the left. (Here p = n + 1.) 
The monodromy is the product $ = D a D$ 1 . . . D$ kl D$ k+1 D$ n Dp of positive 
Dehn twists around the pictured curves. 



Lemma 2.2. For the open book shown on Figured any positive factorization of the mon- 
odromy $ must be given by the product of the Dehn twists Dg 1} . . . ,Dg k _ x ,Dg k , ...Dg n , 
and the Dehn twists D a i and Dpi around some curves a' and , such that a' encloses the 
same holes as a, and (3' the same holes as (3. 

To prove the lemma, we will need to look closely at the mapping class group of a planar 
surface; it will be convenient to work with its presentation given by Margalit and McCam- 
mond in [MMj . (Note: The conventions in |MM] are opposite ours and those used by 
most 4-manifold or symplectic topologists; they use left-handed Dehn twists as the positive 
generators of the presentation.) 

Consider a round disk with punctures arranged at the vertices of a regular n-gon contained 
in the disk; let the holes be small neighborhoods of the punctures, and denote by D n the 
resulting disk with n holes. We say that a simple closed curve in D ra is convex if it is 
isotopic to the boundary of the convex hull of some of the holes; a Dehn twist around a 
convex curve is said to be convex. By [MMj , the mapping class group has a presentation 
with generators given by all (distinct) convex Dehn twists, and relations of the following 
two types. The first type states that Dehn twists around disjoint curves commute. The 
second type consists of all possible lantern relations; a lantern relation is the relation of the 
sort DaDbDcDaubuC = DaubDbucDauc- Here A, B, C are disjoint collections of holes, 
Da, Daub, etc, are convex Dehn twists around the curves enclosing the corresponding sets 
of holes, and the collections A, B, and C are such that the cyclic clockwise ordering of 
all the holes in A U B U C, induced from their convex position on the disk, is compatible 
with the ordering where we list all holes from A in their cyclic order, then all holes from 
B, then all holes from C. Each collection A, B, C may contain one or more holes; the 
ordering condition ensures that the Dehn twists are performed around curves arranged as 
in the usual lantern relation. See [MM] for details. 
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Proof of Lemma \2.2l First, observe that although the set of holes enclosed by a simple 
closed 7 does not determine 7 up to isotopy, it determines, up to conjugacy, the class of 
the Dehn twist in MapD n . (If 7, 7' enclose the same holes, the conjugacy between Z? 7 
and D^i is given by the diffeomorphism h £ MapD n that takes 7 to 7'.) Consequently, 
the collection of holes enclosed by 7 uniquely determines the image of D 7 in the homology 
-ffiMapD n . 

It will be helpful to decompose all Dehn twists as follows: given a Dehn twist around 
a convex curve 7 that encloses r holes, we apply the lantern relation repeatedly to write 
as a composition of Dehn twists around (convex) curves enclosing all possible pairs of holes 
among the given r, together with some Dehn twists around single holes. Each pair of holes 
will contribute exactly one positive convex Dehn twist into this decomposition; each hole 
will have r — 2 negative Dehn twists around it. Similarly, we can decompose an arbitrary 
Dehn twist in the same fashion; however, the Dehn twists enclosing pairs of holes will no 
longer have to be convex. We will refer to Dehn twists around a pair of holes as "pairwise" 
Dehn twists, and to Dehn twists around single holes as boundary twists. (The Dehn twist 
around the outer boundary component of the disk will not be referred to as a boundary 
twist.) 

Now we can decompose an arbitary element G MapD„: write it as a product of 
Dehn twists, and decompose each of them as above. (We will not be recording the order 
of Dehn twists in the monodromy.) Let rriij(<f>) be the multiplicity of the positive Dehn 
twist containing only the i-th and j-th holes in the decomposition of 4>; similarly, rrii((p) 
be the multiplicity of the positive Dehn twist 5i around the i-th hole. The collection of 
integers rriij , rrii is well-defined for (p € Map D n : because the multiplicities rriij , rrii are 
invariant under lantern relations, they do not depend on the factorization of 4>. Moreover, 
the collection {rriij, rrii} uniquely determines the image of (f> in i/iMapD n . 

Let be the monodromy of the open book for {L{p, 1), £&) pictured in Figure El Assume 
that is factored into a product of some positive Dehn twists. Pick the fc-th hole, which is 
enclosed by both curves a and (3 in Figure El and consider the Dehn twists around it in the 
new factorization of <F We consider only those Dehn twists that enclose at least two holes; 
suppose there are I of them, and write n\, ri2, ■ ■ ■ , ni for the number of holes they enclose. 

Now, we compute the multiplicities of the pairwise and boundary twists for that involve 
the k-th hole. The Dehn twists D a ,Dp contribute n — 1 positive pairwise Dehn twists 
involving k-th hole (rriik = 1 for every i 7^ k) and (k — 2) + (n — A; + 1 — 2) = n — 3 
negative boundary twists around it. On the other hand, the / positive Dehn twists contribute 
(ni — 1) + (ri2 — 1) + • • • + (ni — 1) positive pairwise Dehn twists involving the k-th hole, and 
(ni — 2) + (n-2 — 2) + ... (n/ — 2) negative boundary Dehn twists. As the new factorization 
of <!> may have some positive boundary twists Ds k that we haven't yet taken into account, 



Two cases are then possible: 

(i) 1 = 2, and the new positive factorization of $ has no boundary twists around the k-th 
hole, or 

(ii) I = 1, and there is exactly one positive boundary twist D$ k around the k-th hole. 



(1) 
(2) 



n - 1 = (m - 1) + (n 2 - 1) + • • • + {ni - 1) 
n - 3 > (m - 2) + (« 2 - 2) + . . . (ni - 2). 
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To rule out the second case, notice that since rriik(<&) = 1 for every i ^ k, the unique 
positive Dehn twist in the decomposition of $ would have to enclose all n holes. But then 
we would have mi n (f) = 1, which contradicts the original definition of <I> from Figure El 

The first case then tells us that the new positive decomposition of <& has exactly two 
twists enclosing more than one hole each; there may also be some positive boundary twists. 
Examining the multiplicities m«($), mj($) again, we see that one Dehn twist must be 
around a curve that encloses the holes 1, 2, ... k, the other around a curve that encloses the 
holes k, k + 1, ... n; denote the first curve by a' , the second by (3' . In addition, there must 
be one positive boundary twist Dg i around i-th hole for each i ^ k. □ 






Figure 4. Surgery diagram for the open book. 



Lemma 2.3. The open book whose monodromy is the product D a 'Ds L ■ ■ ■ Ds kl Dg k . . . Dg n 
represents (S s ,^ s td)- The knot in S 3 induced by f3' is the unknot; the framing on this unknot 
induced by the page framing of (3' is —p + 1 (compared to the Seifert framing). 

Proof. We can always find a self-diffeomorphism of the disk that maps a' to a, so we may 
assume that the curve a' is standard. (Note, however, that we cannot simultaneously map 
a' to a and (3' to (3). The open book with the monodromy D a iD^ . . . D$ k _ 1 Ds k+1 ■ ■ ■ D$ n is 
obtained from the standard open book for (<S 3 ,£<sid) with annular pages by n — 1 stabiliza- 
tions, so it represents the standard tight S 3 as well. 

Next, we compute the page framing of the knot induced by (3'; or rather, we will compute 
the surgery framing, which is the page framing minus 1. (We know that surgery on the 
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Figure 5. Blowing down to destabilize at holes enclosed by (3'. 



all +1 
framed 






Figure 6. Computing the framing. The thick circle represents the knot 
induced by /?', and is to be understood schematically: a priori it doesn't 
have to be an unknot, and its geometric linking with other components may 
be more complicated. However, the linking numbers are as shown: the knot 
f3' has Ik = 1 with the 0-framed component, and zero linking numbers with 
the rest. It follows that the framings will change as dictated by Kir by moves 
in the picture. 



corresponding knot yields L(p, 1), so the surgery framing must be ±p, but the sign needs 
to be determined.) Consider the Kirby diagram corresponding to the open book, Figured! 
We will destabilize the open book, starting with the holes enclosed by (5' and not by a'. 
The knot f3' will no longer lie on the page; in the Kirby diagram, destabilizations amount 
to blowdowns shown on Figure After n — k = p — 1 — k blowdowns, the framing decreases 
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by n — k. The knot has the linking number 1 with the 0-framed unknot corresponding 
to the fc-th hole (the one enclosed by both a and /3), and the linking number zero with 
every other component of the surgery link. (Note that the geometric linking may be quite 
complicated.) Next, we perform further Kirby moves as in Figured! knowing all linking 
numbers in the picture suffices for the framing calculation, even if the topological type of 
the knot is unknown. It follows that the surgery framing of the original knot induced 
m S 3 by the curve is —p. To see that must be the inknot, we invoke a theorem of 
Kronheimer-Mrowka-Ozsvath-Szabo [KMOS] that states that the result of a — p-surgery 
on a knot in S 5 can be the lens space L(p, 1) only if the knot is the unknot. □ 

Proof of Theorem \1.2l Lemma 12.31 implies that the Lefschetz fibration X corresponding 
to the factorization of the monodromy as the product D a /Ds 1 . . . D$ k _ 1 D$ k+1 . . . D$ n Dpi is 
diffeomorphic to -D 4 with a 2-handle attached along a — p framed unknot. (Note that the 
order of Dehn twists in this product is not important.) This is the standard filling of 
L(p, 1), the disk bundle with Euler number —p. Moreover, X has a Stein structure that 
arises from the Legendrian surgery on a Legendrian representative of the unknot 0, with 
tb = —p + 1. Since Legendrian unknots are classified by their Thurston-Bennequin and 
rotation numbers [EF| . we know that the only unknot that can produce (L(p, is 
the one shown on Figure El up to Legendrian isotopy. Because a compatible symplectic 
structure on a Lefschetz fibration is unique up to symplectic deformation |Go2| . it follows 
that all Stein structures on X are sympectic deformation equivalent; by Theorem ll.il this 
means that the Stein filling of (L(p, 1),£) is unique up to symplectic deformation, and any 
strong symplectic filling is unique up to symplectic deformation and blow-up. 

Finally, recall that every weak filling of a rational homology sphere can be modified into 
a strong filling [Q0| ; it follows that the weak symplectic filling of (L(p, 1),£) is also unique, 
up to deformation and blow-up. □ 

Remark 2.4. A very similar argument gives a new proof of McDuff's result [McDj on 
uniqueness of filling for the standard (universally tight) contact structure on L(p, 1) for p ^ 
4. The page of the corresponding open book is a disk with n = p — 1 holes; the monodromy 
is the product of positive Dehn twists around the holes (one twist for each hole) and the 
positive Dehn twist around the outer boundary component. Decomposing this monodromy, 
we get one positive Dehn twist around each pair of holes, and n — 3 negative boundary twists 
for each hole. If there's a different positive factorization with I non-boundary Dehn twists 
involving an arbitrary fixed hole and enclosing respectively n\, ri2, ■ ■ ■ ni holes, we decompose 
them as before to see that equations (pQ) and ([2]) must again hold. It follows that a positive 
factorization must either be the one we started with, or it must have two "non-boundary" 
Dehn twists involving each puncture, with no boundary twists. When n / 3, the second 
case is not possible, because otherwise some "pairwise" Dehn twists would not be present in 
the decomposition. It follows that there is a unique factorization of the monodromy, with 
positive boundary twists around each hole and one positive twist that encloses all the holes. 
(Unlike the case with two non-boundary twists considered above, no application of the deep 
result of [KMOS] is needed here.) The classification of Legendrian unknots completes the 
proof as before; we see that the Stein filling is unique up to symplectic deformation. (This 
is weaker than Hind's result |Hij.) 
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Figure 7. Using the lantern relation to construct a non-standard Stein 
filling of L(4, 1). 



When n = 3 (i.e. p = 4), an alternate positive factorization of the given monodromy in- 
deed exists. It is given by the classical lantern relation, and corresponds to a non-standard 
filling of (L(4, l),£std) which is a rational homology ball. (See Figure [7] for a Kirby cal- 
culus picture demonstrating that the lantern relation produces the non-standard filling 
constructed in |McD] . |Li2| .) Note that we do not check that the non-standard filling is 
unique: indeed, the images of all the Delin twists in i^JVlap are uniquely determined, 
but we do not have an appropriate analog of Lemma 12.31 for this case. 

Remark 2.5. The same strategy proves uniqueness of fillings for the universally tight 
contact structures on L(pk + l,p), provided that p,k > 1, and either k < p — 2, or p = 2. 
See FigureEl where p is the number of cusps in the surgery diagram (and the number of holes 
in the page of the open book); A; — 1 is the number of standard unknots (and the number 
of the multiple boundary twists). If k > p — 2>0, a lantern- type relation (see Figure fT2|) 
can be used to construct a Stein filling different from the one given by the surgery diagram. 
These contact structures are covered by Lisca's work |Li2j . but our technique gives a slightly 
stronger result: uniqueness of filling up to symplectic deformation, not just diffeomorphism. 
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Figure 8. Universally tight contact structures on L(pk + l,p). 

3. NON-FILLABLE CONTACT STRUCTURES ON SEIFERT FIBERED SPACES 

In this section we examine fillability of contact structures on the spaces M(— 1, r%, r%, r^). 
All of these contact structures can be represented by planar open books; using Wendl's 
theorem, we can prove that a contact structure is non-tillable (in the strong symplectic 
sense) by showing that its monodromy admits no positive factorization in the mapping 
class group of a disk with holes. Since all of the spaces we consider are rational homology 
spheres, weak symplectic non-fillability follows as well. 

The following lemma will be used repeatedly to control the number of Dehn twists in 
possible positive factorizations. 

Lemma 3.1. Let <p £ MapD n be given as a product of (positive or negative) Dehn twists. 
Suppose a hole q is enclosed by b boundary and k non-boundary twists. Here k = k+ — fc_ , 
where k + (resp. k-) is the number of positive (resp. negative) non-boundary twists enclosing 
q; similarly, the sign of b determines whether the boundary twists are positive or negative. 
Then in any positive factorization of <ft there are no more than k + b non-boundary Dehn 
twists enclosing q. 

Proof. We generalize equations (JTJ), ((2j). Suppose the k + positive Dehn twists around 
q enclose mi, m%, . . . m^, holes, while the k- negative Dehn twists enclose respectively 
Mi, Mi, ■ ■ ■ M k _ holes each. Assume that 4> has a positive factorization where the hole q is 
enclosed by I non-boundary positive Dehn twists around resp. ni,ri2, . . . , nj holes. Com- 
puting the multiplicity m q of the boundary twist around q in the decomposition of <fi, as 
well as the pairwise multiplicities m qq i of all pairs that involve q, we have 

(mi - 1) + • • • + (m k+ - 1) - (M 1 - 1) (M k _ - 1) = (m - 1) + • • • + (n, - 1), 

(mi - 2) + • • • + (m k+ - 2) - (Mi - 2) (M k _ - 2) - b < (m - 2) + . . . (n, - 2). 

It follows that k + b = k + - k- + b > I. □ 

Example 3.2. To avoid the more tedious analysis of cases that we'll need later on, we begin 
with an example taken from [GLSll Figure 7], which is a tight contact structure H on the 
Seifert fibered space M = M(— 1; |, |, |). The contact structure H is given by the surgery 
diagram on the left of Figure we can convert it into an open book on the right. (The order 
of Dehn twists is unimportant for this particular product.) It is shown in [GLS1] that for 
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p > 2 (M, S) is not Stein tillable, and that it is not symplectically tillable for p ^ 2 mod 8. 
Since (M, S) can be represented by a planar open book, Stein non-fillability together with 
Wendl's work immediately implies that (M, S) is not symplectically tillable for all p > 2. 
We now obtain an alternative quick proof of non-fillability, using our technique. 




Figure 9. The non-finable tight contact structure on M(— The 
surgery diagram has two +1 contact surgeries (on the thicker Legendrian 
unknots); the rest are Legendrian surgeries. Accordingly, the monodromy is 
the product of one negative Dehn twist (around the thicker curve) and many 
positive ones. 



The monodromy $ of the open book representing (M, S) is the product of several positive 
and one negative Dehn twist. There are p — 1 > 2 holes outside of the negative Dehn twist; 
denote them by s±, . . . , s p -i. Suppose that $ is factored into a product of positive Dehn 
twists around some curves; let {D a } be the set of non-boundary twists in this factorization. 
Lemma 13.11 implies that every hole in the picture can be enclosed by no more than two of 
DaS. Moreover, the pair of holes q\ and qi is enclosed by one positive and one negative 
Dehn twist, so the multiplicity rn qiq2 is zero. This means that none of D^s can enclose 
both qi and c/2- 

Now, consider the hole s%. Since the pairs {qi,s\}, {q2,si}, {t,s\} must all be enclosed 
with multiplicity 1, q\ and q2 cannot be enclosed together, and s± is enclosed by no more 
than two non-boundary twists, we must have a twist D ai that encloses t, qi, and s\ (but 
not (72)) an d another twist D a2 that encloses q2 and s\ (but not q\ and t). (The roles of q\ 
and q2 may be reversed). See Figure [TUl Because the pair {<?2)£} has multiplicity 1, there 
must also be the twist D a3 that encloses t and q2 but not q\ and s\. Next, consider the hole 
S2- Since m SlS2 = 1, and D ai , D a2 are the only non-boundary twists around s±, the hole 
S2 is enclosed by exactly one of D ai and D a2 . If S2 were in D ai , we would have m tS2 = 2 
(if S2 is in D a3 ), or m q2S2 = (if it isn't). Similarly, if S2 were in D a2 , we have m; S2 = 2 or 
m qi s 2 = 0. The contradiction shows that a positive factorization of $ can't exist. 
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Figure 10. Trying to construct a positive factorization for the monodromy 
of the open book from Figured 

Remark 3.3. When p = 2, the corresponding contact structure H is Stein tillable. This 
can be seen from the open book: indeed, if there are no additional holes S2, ■ ■ ■ ,Sk, by the 
lantern relation Figure [10] provides a positive factorization of the monodromy as the product 
DsD a3 D a2 D ai , where D$ is the boundary twist around the hole q±. 

The above argument readily generalizes to some more complicated open books represent- 
ing contact structures on other spaces M(— 1; r%, r-i-, 7*3). 




Figure 11. A tillable contact structure on M(— 1; \ , ~). 

Recall that tight contact structures on the Seifert fibered space M(—l;ri,r2,r^), where 
fl, 7*2 > 3> were classified in |GLS1| and can be decribed as follows. The space M{— 1; \, 5, |) 
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carries exactly three tight contact structures for each p > 2; two of them are Stein tillable, 
the third is the non- tillable contact structure 3 we studied in Example 13.21 It was shown in 
|GLS1] that for ri,r2 > \, all tight contact structures on M(— 1; r%, r2, rz) can be obtained 
via Legendrian surgeries on these three contact structures. The Legendrian surgeries arise 
from the continued fraction expansions of ri, 7*2, 1*3; thus, the surgeries are performed on 
chains of Legendrian unknots, with coefficients a,i,bi,Ci. The Legendrian unknots must be 
stabilized accordingly, to match tb—1 and the surgery coefficients. In general, many choices 
for stabilizations may be possible. Fillability needs to be investigated only for those contact 
structures obtained from 3, as all others will automatically be tillable. 

We first prove the "tillable" part of Theorem II .41 Indeed, suppose that c\ = p < 
max(&i, kz). We can assume that k\ >k2\ this assumption implies that [01,02,... Op-i] = 
[2,2, . . . , 2] = In that case, all the tight contact structures on M(— 1; n, r2, r%) are 

obtained from M(— l;£^-,~ i) by Legendrian surgeries. Thus, it suffices to prove the 
following 

Proposition 3.4. All tight contact structures on M{— 1; |, ~) are Stein fillable. 

Proof. We only need to check fillability of the (unique) contact structure on M(— 1; 5, -) 
obtained by Legendrian surgery on 3. Its contact surgery diagram is shown on the left of 
Figure [TTl to build the open book, we translate the chains of small unknots in the surgery 
diagram into sequences of push-offs of the stabilized unknot they are linked to. This is 
possible because the standard Legendrian meridian and the push-off of a Legendrian knot 
are Legendrian isotopic in the manifold obtained by Legendrian surgery on this knot, [DG]. 
The resulting open book is on the right of Figure [TTl To prove the proposition, we rewrite 
the monodromy as a product of positive Dehn twists using the lantern-type relation of 
Lemma 13.51 b elow . □ 

Lemma 3.5. In the mapping class group of the disk with k + 2 holes, the relation 

(Ds) k Ds 1 Ds 2 . . . Dg k+1 D a = D/3D ak+1 . . . D a2 D ai 

holds for positive Dehn twists around curves shown on Figure \W( a). Our convention for 
products means that in the right-hand side, Dp is performed first. 

Proof. The classical lantern relation, together with an inductive argument, shows that the 
relation (D s ) k D a D Sl Ds 2 . . . D Sk+1 = {D 6 f- m+1 D a {D lm )~ l D Pm D am . . . D a2 D ai holds for 
each m, k + 1 > m > 2. The right-hand side of this identity is illustrated on Figure fl~2T b); 
note that 7^+1 = a. □ 

It remains to prove the non-fillability part of Theorem 11.41 To this end, we construct 
the candidate non-tillable structures as follows. As before, we consider contact structures 
obtained by Legendrian surgery on (M(— 1; |, \, -), 3) (for various values p > 2). The coef- 
ficients a\ , . . . , Ofej , b%, . . . b)~ 2 are equal to 2 and thus correspond to standard unknots with 
no stabilizations. If k\ < n\ or < ri2, there are some coefficients Ofc 1+ i, fo^+i, . . . that are 
greater than 2. This means that the corresponding Legendrian unknots must be stabilized; 
we assume that all stabilizations are chosen on the left. Similarly, we stabilize on the left 
all the unknots corresponding to the continued fraction expansion r^ = [ci, C2, • • • c„ 3 ]; note 





Figure 12. (a) Generalized lantern relation for a disk with k + 2 holes, 
(b) Proving it inductively: after m — 1 applications of the classical lantern 
relation, the monodromy from the top right picture can be written as k—m+1 
positive Dehn twists around 5, a negative twist around j m , and positive 
twists around a\, «2> • • • , oc m , f3 m , where the curve f3 m encloses m holes. 

that ci = p if our contact structure is obtained from (M(— 1; |, |, -), H). The resulting 
contact structure £ on M(— 1; rj, r2, rs) is given by the contact surgery diagram and the 
open book shown on Figure [T3j (As in Proposition 13.41 we use the identification of the 
meridian and the push-off of a Legendrian knot in a surgered manifold |DG] to translate 
the chains of small unknots in the surgery diagram into sequences of iterated and possibly 
stabilized push-offs.) 

Recall that £ is tight by [GLSl] (indeed, the Heegaard Floer contact invariant c(H) is 
non-zero, so c(£) / as well). 

Proposition 3.6. The contact structure £ on M(— 1; r%, r%, rs) described above and shown 
on Figure [13] is non-fillable. 
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Proof. We first point out several features of the open book representing £. The monodromy 
is the product of Dehn twists itemized below: there is a unique negative Dehn twist (ex- 
plicitly mentioned in the list), and all other Dehn twists are positive. 
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• There is a collection of n\ Dehn twists enclosing the holes q\ and t; ki of them 
enclose exactly these two holes, the extra m — k\, if present, all enclose a hole w\, 
but not q2 or s\, s%, . . . s C i-l- 

• There is a collection of ni Dehn twists enclosing the holes q<i and t; k-z of them 
enclose exactly these two holes, an extra 77,2 — ^2, if present, all enclose a hole u>2, 
but not q\ or s%, S2, ■ ■ ■ s C i-l- 

• There is one negative Dehn twist enclosing three holes q%, q2 and t. 

• There are 773 Dehn twists enclosing c\ + 2 holes qi, q2, t, and s\, S2, ■ ■ ■ s Cl -i, and 
perhaps some additional holes (but not w\ or 1^2). 

Our task is to show that this monodromy admits no positive factorization. We will do 
so by analyzing the Dehn twists that can enclose the holes Sj. First, notice that since the 
multiplicity of any pair {wi, Sj}, {11)2 , Si} is zero, any Dehn twist in a positive factorization 
that encloses of the Sj's cannot enclose w\ or W2- We will refer to the non-boundary Dehn 
twists that contain neither w\ nor W2 as inner Dehn twists; the (non-boundary) Dehn twists 
containing w\ or W2 will be called outer twists, and will not play much role in our argument. 

First, we will calculate multiplicities of pairs of holes and use Lemma [3. II to establish the 
following properties of any possible positive factorization. 

(a) exactly 77,3 — 1 inner Dehn twists contain both qi and q2] all of these contain t 

(b) exactly k\ inner Dehn twists contain q\ and t, but not q2 (call these tgi-twists) 

(c) exactly k2 inner Dehn twists contain q2 and t but not q\ (call these iq^-twists) 

(d) there is at most one inner Dehn twist D ai that contains q\ but not q2 or t 

(e) there is at most one inner Dehn twist D a2 that contains q2 but not q\ or t 

(f) each of the holes s\, S2, ■ ■ ■ s ci _i is contained in exactly 713 + 1 non-boundary Dehn 
twists, exactly n% of which enclose t, exactly 77,3 enclose q\ and exactly enclose q2 

(g) Any two holes Sj, Sj are enclosed together by exactly 723 Dehn twists 

To prove (a), observe that the multiplicity of the pair {91,52} is — 1, which means 
there must be n% — 1 Dehn twists enclosing both holes. Each of them is an inner twist, since 
m q2,w 1 = fnq u w2 = 0- To see that all of these contain t, notice that by Lemma ETTl there 
are at most n\ + n2 + n% — 1 Dehn twists containing t; n\ — k\ resp. n2 — k2 of these must 
enclose w\ resp. u>2, so there are at most k\ + k2 + 713 — 1 inner Dehn twists containing t. 
Of these, at ledast k\ + 713 — 1 contain q% (because m qi t = 711 + 713 — 1, and q\ can be in 
no more than n\ — k\ outer Dehn twists containing t and wi, and in none containing 102). 
Similarly, at least k2 contain q2- Since all three holes t, q\, and q2 can be enclosed together 
by no more than 713 — 1 inner twists, the statements (a), (b) and (c) follow. 

To prove (d), observe that by Lemma 13. II there are at most tii + 773 non-boundary Dehn 
twists enclosing q\. Of these, n\ — k\ are outer twists (containing w\). This leaves at most 
k\ + 713 inner twists enclosing q\. By (a) and (b), at most one of these inner twists can 
contain neither t nor q2- The proof of (e) is similar. 

Finally, (f) follows from the fact that m qiSi = m q2Si = m Si t = 773, together with (a) and 
Lemma l3.lt (g) is merely a multiplicity count. 

We now show that properties (a)-(f) cannot hold if ci — 1 > max(/ci, ^2). Indeed, (f), 
(a), (d) and (e) imply that each of the holes Si is enclosed by 773 — 1 twists containing the 
three holes i, q\, 52 (these are the twists described in (a)). For the remaining two twists 
enclosing Sj, there are two possibilities: (i) a tq% -twist and D a2 , or (ii) a tq2 twist and D ai . 
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Moreover, no two of the holes Sj can be contained in the same tgi-twist: they are also both 
contained in the D a2 twist and in all the twists of (a), which contradicts (g). Similarly, no 
two s^s can be contained in the same tq^-twist. Because c\ — 1 > max(fci, ^2), we conclude 
that there must be a non-empty subset of {s\, S2, ■ ■ ■ s ci _i} for which (i) holds true, and a 
non-empty subset for which (ii) holds true. Pick a hole from the first subset and another 
from the second; since we've listed all the 723 + 1 twists enclosing each of these holes, we see 
that this pair of holes is enclosed together only by the n.3 — 1 twists containing the three 
holes t, qi, q2- This is a contradiction with (g). □ 

Remark 3.7. In fact, we have established non-fillability for a much wider class of contact 
structures on Seifert spaces M(— 1; r\, r2, r^) for which the condition c\ — 1 > max(A;i,fe2) 
is satisfied. Indeed, we only used the hypothesis that the unknots corresponding to a^+i 
and bk 2+ i have at least one stabilization on the left, and that the unknot corresponding to 
ci has more than max(fci, A^) stabilizations on the left. All the other stabilizations may be 
chosen arbitrarily. 

4. Concluding remarks 

In the previous section, we worked with the spaces M{— 1, n, r2, r^) such that r±,r2 > 
\ because this condition was essential for the classification results and for the proofs of 
tightness of [GLS1| . In fact, with slightly more tedious case- by-case analysis, one can extend 
our non-fillability results to certain spaces M{— 1; n, r2, r%), with arbitrary r\,r2 € (0,1). 
We can also consider Seifert fibered spaces with more than 3 singular fibers; it is not hard 
to give sufficient conditions for an open book similar to the one in Figure [13] to represent a 
non- tillable contact structure. One can also hope to understand fillability for a wider class of 
open books (not necessarily planar) by using the fiber sum construction of [We2] . In many 
of these situations, contact structures can be shown to be non-tillable by easy combinatorial 
considerations in the homology of the mapping class groups of planar surfaces. 

However, non-fillability does not seem to be an interesting property unless the contact 
structure is known to be tight. In most cases, a proof of tightness requires an application 
of Heegaard Floer homology. For the spaces M(— 1, n, T2, • • • , r^), non- vanishing of the 
Heegaard Floer contact invariant (and thus tightness) can be checked via the criterion of 
[LS 1|. Theorem 1.2], although this often requires lengthy calculations related to Heegaard 
Floer homology (see [LS2| ). 

It would be interesting to find hypotheses on the monodromy of a planar open book 
that ensure tightness of the corresponding contact structure. One related condition is the 
right- veering property of an open book [HKMlj ; indeed, a contact structure is tight if 
and only if every compatible open book is right- veering. In general, one needs to consider 
all compatible open books; indeed, by stabilizing an arbitary open book, one can always 
obtain a right-veering open book representing the given contact structure. This is shown 
in [HKMll Proposition 6.1]; in fact, the proof of that proposition shows that stabilizations 
can be done without increasing the genus of the open book (but increasing the number 
of its boundary components). Thus, every contact structure supported by a planar open 
book can be supported by a right-veering planar open book. In fact, one can perform 
additional stabilizations to increase the pairwise multiplicities of the monodromy; it is not 
hard to show that every contact structure supported by a planar open book is supported by 
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a planar open book with right-veering monodromy and positive pairwise multiplicities. By 
contrast, recall that a contact structure supported by an open book of genus one with one 
boundary component is tight if this particular open book is right-veering [HKM2J; one can 
hope that since planar open books are another very special case, some sufficient conditions 
for a given monodromy to ensure tightness can be found. 

In another direction, it would be interesting to generalize the classification results of 
Section 1. Indeed, it is possible to analyze positive factorizations in the abelianization of 
the mapping class group for a wide class of contact structures. However, we have no analogs 
of Lemma l2.3l (in fact no analogs of the theorem of [KMOS]), and this poses a major obstacle 
for further classification results. 
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